Let ϕ denote Euler's phi function. For a fixed odd prime q we give an asymptotic series expansion in the sense of Poincaré for the number E q (x) of n ≤ x such that q ∤ ϕ(n). 
Introduction
Let ϕ denote Euler's phi function. For a fixed odd prime q we set E q = {n|q ∤ ϕ(n)} and let E q (x) denote the associated counting function. (If A is any set of integers, then by the associated counting function A(x) we denote the cardinality of the elements a in A such that a ≤ x.) Spearman and Williams [16] proved that, as x tends to infinity, E q (x) = e(q)x log 1/(q−1) 
where h(q) denotes the class number of the cyclotomic field K(q) := Q(ζ q ) and R(q) its regulator. Spearman and Williams gave a rather involved description of C(q), see Section 3, but we will show that actually C(q) = C(q, 1), where for Re(s) > 1/2, C(q, s) = p =q fp≥2
where the sum is over all primes p = q such that f p , the smallest integer k ≥ 1 such that p k ≡ 1(mod q), satisfies f p ≥ 2. One has C(3) = p≡2(mod 3) (1 − 1/p 2 ) for example (this is Lemma 3.1 of [16] ).
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The goal of this note is to point out that the theory of Frobenian functions allows one to prove an estimate for E q (x) which is much more precise than (1), namely (5) . Moreover, we will show that making use of the Euler product for the Dedekind zeta function of a cyclotomic number field, cf. (9) , leads to a simplification of the arguments of Spearman and Williams. It allows one for example to infer that C(q) = C(q, 1) and to give a very short proof of the estimate (32).
The theory of Frobenian functions was initiated by Landau [5] (and, independently, but only heuristically, by Ramanujan [8] ), continued by Bernays (of later fame in logic) in his PhD thesis and much later by Serre [14] and brought in its present state by Odoni, see e.g. [10] .
For our purposes Theorem 1, more or less implicit in the work of Landau already, will do. Before stating it, we first define what a Frobenian set of primes is. A set of primes P is called Frobenius of density δ, if there exists a finite Galois extension K/Q and a subset H of G := Gal(K/Q) such that
• H is stable under conjugation;
• |H|/|G| = δ;
• for every prime p, with at most finitely many exceptions, one has p in P if σ p (K/Q) is in H, where σ p (K/Q) denotes the Frobenius map of p in G (defined modulo conjugation in case p does not divide the discriminant of K).
Theorem 1 [14] . Let E be a set of integers and E ′ its complement in the set of natural numbers. Suppose that E ′ is multiplicative, that is if a and b are coprime positive integers, then ab ∈ E ′ ⇐⇒ {a ∈ E ′ or b ∈ E ′ }.
Put h(s) = n∈E ′ n −s . Let P be the set of primes that are in E. Suppose that P is Frobenian of density δ, with 0 < δ < 1. Then h(s)/s has an expansion around the point s = 1 of the form
Furthermore, for every integer k ≥ 2 we have
with e j = c j /Γ(1 − j − δ).
In our problem at hand it turns out that P is the set of primes p ≡ 1(mod q). But this is precisely the set of primes p that split completely in K(q) and thus ζ K(q) (s), the Dedekind zeta function of K(q), comes into play. We put α(q) := Res s=1 ζ K(q) (s). The reader unfamiliar with this material is referred to Section 2.
Theorem 2 Let q be an odd prime. Put
Then h q (s)/s has an expansion around the point s = 1 of the form
For any k ≥ 2 we have
where e j (q) = c j (q)/Γ(
On using that
and formula (8) , it is seen after some easy computation that e(q) = e 0 (q). Thus the estimate (1) , that is the theorem of Spearman and Williams, is a weaker form of Theorem 2.
In the second part of the paper we deal with the problem of whether the e(q)x log 1/(q−1) x − naive − or e(q)
approximation yields -asymptotically-a better approximation to E q (x). For every odd prime q this can be decided using Theorem 5. Using recent results of Ihara [3] , which assume the Generalized Riemann Hypothesis (GRH) to be true, we will establish the following theorem.
Theorem 3 (GRH).
Let q be an odd prime. For q ≤ 67 the Ramanujan type approximation is asymptotically better than the naive approximation for E q (x), for all remaining primes the naive approximation is asymptotically better.
Preliminaries
For a general number field K we have, for Re(s) > 1,
The letter a will be used to denote a non-zero ideal in O K , the ring of integers of K, and p will be used to denote a non-zero prime ideal in O K . This function is the Dedekind zeta function of K. It is known that the sum and product converge for Re(s) > 1, that ζ K (s) can be analytically continued to a neighborhood of 1 (in fact, to the whole complex plane), and that at s = 1 it has a simple pole.
Let α K denote the residue of the pole at s = 1. It is known that
where r 1 is the number of real infinite primes, r 2 is the number of complex infinite primes, h(K) is the class number of K, R(K) is the regulator of K, w(K) is the number of roots of unity in K, and D(K) is the discriminant of K.
Around s = 1 we have the Laurent expansion
The constants γ j (Q) are known as the Stieltjes constants. In particular, we have γ K = γ, with γ the Euler-Mascheroni constant. The constant EK K := γ K /α K is called the Euler-Kronecker constant in Ihara [3] and Tsfasman [17] , the reason for this being that in the case when K is imaginary quadratic the well-known Kronecker limit formula expresses γ K in terms of special values of the Dedekind η function.
Preliminaries on cyclotomic fields
We recall some facts from the theory of cyclotomic fields needed for our proofs. For a nice introduction to cyclotomic fields see [19] .
The following result, see e.g. [9, Theorem 4.16] , describes the splitting of primes in the ring of integers of a cyclotomic field.
Lemma 1 (cyclotomic reciprocity law). Let K = Q(e 2πi/m ). If the rational prime p does not divide m and f is the least natural number such that p f ≡ 1(mod m), then (p) (considered as an ideal in the ring of integers of K) equals p 1 · · · p g with g = ϕ(m)/f , all p i 's distinct and of degree f .
However, if p divides m, m = p a m 1 with p ∤ m 1 and f is the least positive integer
} as roots of unity, with ω := e 2πi/(q−1) ) and furthermore D(K(q)) = (−1) q(q−1)/2−2 , and thus we obtain from (6) that
For cyclotomic fields K(q) the Euler product for ζ K(q) (s) can be written down explicitly using the "cyclotomic reciprocity law". We find that
Thus we can write
where
Let k be a natural number and χ a character modulo k. Let χ 0 be the principal character modulo k. The Dirichlet L-series corresponding to χ is given by
where s = σ + it ∈ C. For χ = χ 0 the latter series converges for σ > 0 and
Let g be a primitive root modulo q. For any integer not divisible by q we define the index, denoted by ind g (n), of n with respect to g modulo q − 1 by
Associated with g we define a character χ g modulo q by
There are exactly ϕ(q) = q − 1 characters modulo q.
g , where χ q−1 g = χ 0 , the trivial character. It is well-known that
3 The constant C(q)
In this section, for the convenience of the reader, we repeat the definition of Spearman and Williams of C(q) and, moreover, we will show that C(q) = C(q, 1). Spearman and Williams put
where the product is taken over all primes p such that χ g (p) = ω r and (r, q − 1) denotes the greatest common divisor of r and q − 1. Then they define
From this definition it is not a priori clear that it does not depend on the choice of the primitive root g. However, Spearman and Williams show that it indeed does not depend on the choice of the primitive root g.
Proposition 1
We have C(q) = C(q, 1).
Proof. By the definition of Spearman and Williams we have
We claim that if χ g (p) = ω r , then f p = (q − 1)/(r, q − 1). We have 1 = χ g (p fp ) = ω rfp . It follows that (q − 1)|rf p and thus q r := (q − 1)/(r, q − 1) must be a divisor of f p . On the other hand since χ g (a) = 1 iff a is the identity, it follows from ω rqr = χ g (p qr ) = 1 and q r |f p , that f p = q r . Thus we can rewrite (12) as
Note that p = q and f p ≥ 2 iff χ g (p) = ω r for some 1 ≤ r ≤ q − 2. This observation in combination with (13) and the absolute convergence of the double product (13), then shows that C(q) = C(q, 1).
2
Remark. Proposition 1 says that 1/C(q) is the contribution at s = 1 of the primes p = q, p ≡ 1(mod q) to the Euler product (9) of the Dedekind zeta function of Q(ζ q ).
Proof of Theorem 2
Proof. We apply Theorem 1. We let E be the set of natural numbers n such that q|ϕ(n). Then the couting function we are after is E ′ (x). The multiplicativity of ϕ ensures that E ′ is a multiplicative set. The set of primes P in E consists of all primes p such that p ≡ 1(mod q). This set is Frobenian: it consists precisely of the primes p that split completely in K(q). We have H =id, G ∼ = (Z/qZ) * , δ = 1/(q − 1) and hence 0 < δ < 1. Thus all conditions of Theorem 1 are met.
It remains to determine the c i . For this we have to compute h(s)
where the product is taken over all primes p = q with p ≡ 1(mod q) and the e p are non-negative integers. Thus we have, for Re(s) > 1,
On using (10) to express g(s) in terms of ζ K(q) (s), we find that h(s) = h q (s). Now invoke Theorem 1 together with Proposition 1. 5 On the second order coefficient
A comparison problem
The prime number states that asymptotically π(x), the number of primes p ≤ x,
dt/ log t, the logarithmic integral, yields a much better approximation to π(x). Likewise one might wonder whether
yields -asymptotically-a better approximation to E q (x). The former approximation we will call the 'naive approximation' and the second the 'Ramanujan type approximation' to E q (x).
To be more precise, we say that N q (x) is a better approximation to E q (x) than R q (x) if
for all x sufficiently large. In the history of the theory of Frobenian functions Ramanujan was the first to put forward a problem of this type. If B(x) denotes the counting function of integers n ≤ x that can be written as sum of two squares, Ramanujan in his first letter (16 Jan. 1913 ) to Hardy claimed that, for every r ≥ 1,
where K is a certain constant, now called the Landau-Ramanujan constant. Landau [5] had proved in 1908 that B(x) ∼ Kx/ √ log x: a much weaker assertion. There is some evidence that along with his final letter (12 Jan. 1920 ) to Hardy, Ramanujan included a manuscript on congruence properties of τ (n) and p(n), the partition function. In this manuscript, see [1] , Ramanujan considers, for various special primes q, the quantity n≤x, q∤τ (n) 1 and makes claims similar to (16) . He defines t n = 1 if q ∤ τ (n) and t n = 0 otherwise. He then typically writes: "It is easy to prove by quite elementary methods that n k=1 t k = o(n). It can be shown by transcendental methods that
where r is any positive number". In each case he gave specific values of C q and δ q . The above claims (16) and (17) where shown to be asymptotically correct by Landau, respectively Rankin. Shanks [15] showed that (16) is false for every r > 2. Likewise, the author [6] showed that all claims of the format (17) in the unpublished manuscript to be false for every r > 2. The proof involves computing the EulerKronecker constant for the generating series ∞ k=1 t k k −s with several decimals of accuracy.
The comparison problem (15) can be studied by computing the second order coefficient e 1 (q) in (5) with enough precision. So that is what we set out to do. This will require an excursion in generalized von Mangoldt functions associated to multiplicative functions.
Generalized von Mangoldt functions
Let f be a nonnegative real-valued multiplicative function. We denote the formal Dirichlet series F (s) :
The notation suggests that Λ f (n) is an analogue of the von Mangoldt function. In-
Theorem
Moreover, we have
Alternatively we have
Proof. Identity (18) is Lemma 1 of [6] . The remainder is Theorem 4 of [7] . 2
Recall that f q (n) = 1 if q ∤ ϕ(n) and f q (n) = 0 otherwise. Note that L fq (s) = h q (s). Using equation (14) we find
from which we infer that
We have h q (s) = ∞ n=1 f q (n)n −s . By the prime number theorem for arithmetic progressions one has p≤x f q (p) = τ q Li(x) + O q (x log −2−ρ x), with τ q = (q − 2)/(q − 1) and ρ > 0 arbitrary. We thus infer by Theorem 4 that
From Theorem 4, (5) and (20), we infer the following result.
Lemma 2 Let q be an odd prime. Then
The following lemma now shows that our comparison problem can be reduced to a comparison problem for B fq :
Lemma 3 The naive approximation gives an asymptotically better approximation to E q (x) than the Ramanujan type approximation if B fq < −1/2 (that is in this case inequality (15) holds for all x sufficiently large). If B fq > −1/2 it is the other way around.
Proof. The result easily follows on noting that, as x → ∞,
and e(q)
where the first estimate is a consequence of (5) and Lemma 2 and the latter follows by partial integration. 2
We will work out the limit result (21) more explicitly and then use it to approximate B fq .
Lemma 4 Put
and
Then lim q→∞ H fq (x) = lim x→∞ J fq (x) = B fq .
In Table 2 one finds computations of J fq (10 5 ), J fq (10 6 ) and J fq (10 7 ). These computations are very easily implemented in MAPLE, say, and give an idea of the true value of B fq , but unfortunately cannot be used to approximate B fq with a prescribed degree of accuracy. To that end we will use (18) instead of (21) in Section 5.3.
The proof of Lemma 4 makes use of the following result.
Lemma 5 For every ρ > 0 we have We have
Proof. We have
where the sum is over all pairs (p, r) with p r > x. Now note that p≤x p r >x
where we used the estimate p≤x log p = O(x). We apply Theorem 4 with f = 1 (and so L f (s) = ζ(s)). The constant B f was first identified by de la Vallée-Poussin [18] , who proved that
which shows that B f = −γ. (Alternatively, we find from (7) and γ(Q) = γ by logarithmic derivation that
This in combination with (18) also shows that B f = −γ.) It then follows by Theorem 4 and the prime number theorem that
The result now follows on combining the latter estimate with (22) and (23). In this section we use (18) to calculate B fq . Recall that L fq (s) = h q (s). The problem of studying the numerical behaviour of EK K(q) and the prime sum with enough accuracy will be considered in subsequent sections.
Theorem 5 We have
or alternatively,
Proof. On noting that
we find by logarithmic differentation of (4) that
For notational convenience we put
By logarithmic differentiation of the Laurent series (7) we find that
On inserting the latter estimate for ζ ′ K(q) (s)/ζ K(q) (s) and the estimate (24) for ζ ′ (s)/ζ(s) in (27) and setting τ q := (q − 2)/(q − 1), we find that
Using (18) we conclude that (25) holds true. By using (11) and (24) we find similarly that (26) holds. (Alternatively one merely combines (25) with (29) to arrive at the same conclusion.) This completes the proof. 2
Remark. Using (31) one can also express B fq in terms of the non-trivial zeros of ζ K(q) (s).
On the Euler-Kronecker constant for
We leave it as an exercise to the reader to show that for any ρ > 0 we have
By logarithmic differentation from (11) we find that
For example, cf. [7] ,
Ihara [4] conjectures that for any ǫ > 0 we have
for all q sufficiently large. In [3] he remarks that it seems very likely that always EK K(q) > 0. (This was checked numerically for q ≤ 8000 by Mahora Shimura, assuming GRH.) How large Euler-Kronecker constants can get seems to be a much easier problem then how small they can get. Ihara observed that EK K can be conspicuously negative and that this occurs when K has many primes having small norm. However, in the case of Q(ζ q ) the smallest norm is q and therefore rather large as q increases. Ihara has given bounds for EK K that are valid under GRH. Specalising his result to the case where K = K(q) one obtains, on invoking the cyclotomic reciprocity law, the following proposition.
Proposition 2 (Ihara [3, Proposition 2].) Assume that GRH holds. Then we have
where the first sum is over all prime powers p fpk , k ≥ 1, such that p fpk ≤ x and p = q,
and 2κ q = (q − 2) log q − (q − 1)(γ + log 2π). Moreover, both upp q (x) and low q (x) tend to EK K(q) as x gets large and thus these bounds allow one to calculate EK K(q) with arbitrary precision.
Theorem 1 of Ihara [3] implies that, under GRH,
with z q = (q−2) 2 log q. A simple analysis shows that this implies that, for q ≥ 23,
As concerns the zeros ρ of ζ K(q) (s) in the critical strip, the so called non-trivial zeros, we have by [2] ,
where the zeros are counted with possible multiplicity. Since -at least conjecturally -EK K(q) is small in comparison with q log q it seems to 'measure' a subtle effect in the distribution of the zeros. In Table 1 some data concerning EK K(q) are gathered. The second and third column give Cyc q (10 5 ), respectively Cyc q (10 6 ). The next two columns give low q (x) and upp q (x) for the value of x recorded in the sixth column. The final value gives the true value of EK K(q) as computed with MAGMA (computations of L and L ′ were implemented in MAGMA by Tim Dokchitser).
Estimating the prime sum in
Note that v(q) is the prime sum arising in our expressions for B fq in Theorem 5. We can estimate this quantity as follows.
Lemma 6
For q ≥ 67 we have
Our proof of this makes use of the following estimate.
Proof. For x ≥ 7481 one has 0.98x ≤ p≤x log p ≤ 1.017x, as was shown by Rosser and Schoenfeld [12] . From this one easily infers that for x ≥ 7481
A simple further numerical analysis using the latter estimate with k = 2 then gives the result. 2
Proof of Lemma 6. Write
say. Note that f p ≥ 3 in the former sum. If p is odd, then p fp = 1 + 2kq for some integer k. This together with the observation that log t/(t r − 1) is nonincreasing for t ≥ 2 and r ≥ 2 fixed and for r ≥ 2 and t ≥ 2 fixed, shows that
where m is the number of odd primes not exceeding q (and thus m = π(q) − 2). Now let us refine this estimate for v 1 (q) further. Let g be the smallest integer such that 2 g ≥ q 2 . We consider the primes p < q for which f p ≤ g first. Note that for fixed f there are at most f − 1 primes p < q with p ≡ 1(mod q) such that p f ≡ 1(mod q).
. It follows that the primes p with f p ≤ g contribute at most log 2 q + to v 1 (q), where
Since trivially π(q) ≤ (q + 1)/2, we have for
and hence, on using that k≤n 1/k ≤ log n + 1,
The primes 2 < p < q with f p > g contribute at most
to v 1 (q), where we used the estimate p≤x log p < 1.0012x valid for x > 0 [13, Theorem 6]. We thus find that for q ≥ 3
On invoking Lemma 7 to estimate v 2 (q) we then find that
On some further analysis the result is easily obtained. 2
Remark. Note that in case q is a Mersenne prime we have
Actually, the only q I have been able to find for which v(q) > (log 2)/q are the Mersenne primes. It thus is conceivable that if q is not a Mersenne prime, then always v(q) < (log 2)/q. For a given ǫ > 0 it also seems that the primes q for which v(q) > ǫ/q have density zero. In general v(q) is relatively large if q almost equals a number of the form p r − 1 with p small. For example, if 2q = 3 r − 1 for some r (e.g. when r = 3, 7, 13, 71), then v(g) > (log 3)/(2q).
Some numerical data regarding B f q
It is not difficult to relate B f 3 to the constant B g 3,2 computed with high decimal accuracy in Moree [7, p. 437] . One finds that
In Table 2 one finds further values of B fq with 5 decimal precision. They were computed from (25) using a precise enough approximation of EK K(q) and v(q). The latter was obtained using that, for y ≥ 3,
and taking y large enough.
The proof of Theorem 3
With the following lemma at our disposal we are finally in the position to establish Theorem 3.
Lemma 8 (GRH)
. Let y ≥ 3. We have Low q (x, y) ≤ B fq ≤ Upp q (x, y) with
log p p fp − 1 + 1.055 y .
These estimates allow one to estimate B fq with arbitrary precision.
Proof. Follows from equality (25) on invoking Proposition 2 and Lemma 7. 2
Proof of Theorem 3. Assume GRH. On invoking (25) together with the estimates (30), respectively Lemma 6 for EK K(q) and v(q), we find that
when q ≥ 67. It is easily proved that the right hand side is monotonically decreasing for q ≥ 67. On taking q = 419 the right hand side equals −0.50143 . . . and so we obtain that B fq < −1/2 for all q ≥ 419. For y ≥ 3 we can similarly estimate B fq as follows:
Using this estimate with y chosen large enough (y = 1373 will do) one concludes that also B fq < −1/2 in the range 179 ≤ q < 419. For every prime q in the range 71 ≤ q ≤ 173 one searches for appropriate x and y such that Upp q (x, y) < −1/2. By Lemma 8 it then follows that B fq ≤ Upp q (x, y) < −1/2 for every prime q in this range.
Finally, for every prime q ≤ 67 one searches for appropriate x and y such that Low q (x, y) > −1/2. By Lemma 8 it then follows that B fq ≥ Low q (x, y) > −1/2 for every prime q in this range. 
An alternative, much shorter proof of the estimate (32) can be obtained on invoking Mertens' theorem for algebraic number fields.
Lemma 9 Let α K denote the residue of ζ K (s) at s = 1. Then,
where the product is over all prime ideals p in the ring of integers of K whose norm is less than or equal to x.
Proof. Similar to that of the usual Mertens' theorem, see e.g. Rosen [11] . 2
We invoke the latter result with K = K(q) and work out the product over the prime ideals more explicitly using the cyclotomic reciprocity law, Lemma 1. One finds, for x ≥ q, that it equals
where we used that for k ≥ 2,
Thus, on invoking Lemma 9 we find
from which (32) is easily deduced. 
